This research improves field based estimates of aquitard compressibility and permeability. A semianalytical model of partially penetrating, overdamped slug tests achieves this objective. The short term solution is an existing fully penetrating model, the long term solution is the polar residue of an inverse Laplace transform, and an exponential spline function patches the solutions together. 
The gage pressure p Gage sensed by the vented transducer estimates the disturbed head measured in the well:
The groundwater density is ρ and gravitational acceleration is g.
Modifications for the study site
Our study site featured large amplitude, partially penetrating slug tests in an aquitard with permeable boundaries, so the existing aquifer theory had to be modified to calibrate the results. Figure 2 shows disturbed water levels h S observed in monitoring wells AB and HB. The wells were pumped dry at time t equals zero, so that the slug test amplitude The conservation of incompressible groundwater mass and Darcy's law describe the disturbed hydraulic head h in a confined, homogeneous, isotropic till of compressibility α:
with radial distance r from the axis of a well and elevation z above the lower recharge boundary, and elevation of the base of the sandpack z S (Figure 3 ). The permeability k combines with ρ and kinematic viscosity ν of the groundwater to define a hydraulic diffusivity D. These properties describe the propagation of disturbances caused by an overdamped slug test in a well that partially penetrates the till.
The disturbed hydraulic head is zero initially in the till and at the boundaries of the recharge layers that bound the till. The spatial dependence is then separable and linear. The Laplace transform h* of Equations (2a) and (2c) is thus the sum of vertical q J (z) and radial m J (r) eigenfunctions, each governed by an ordinary, second order differential equation:
The Laplace transform variable is p. Boundary conditions constrain the eigenfunctions by distinguishing their type and integration constants.
We assume a finite vertical length scale imposed by the unweathered till thickness. A Fourier sine series solution satisfies the Laplace transform of the no head conditions (2d) at the two horizontal recharge boundaries:
Equations (3) and (4) 
Branch points R J are defined for each eigenfunction.
The transformed solution is: The solution approaches a vertically uniform transformed head h Ã S at the sandpack radius over the sandpack length, and vanishes elsewhere as the radius goes to zero:
Equations (6) and (7) may be taken as a Fourier sine series representation of a boxcar function over the till thickness. Hildebrand () evaluates the series coefficients A J :
The coefficients B J reflect the partial penetration of the sandpack. In view of Equations (6) and (8), the integration constants c J depend on h Ã S :
The Laplace transform of the slug test condition, Equations (2f) and (2g), is:
Equation (9b) is differentiated term by term with respect to r and evaluated at the sandpack radius. The result is
Equation (11b) defines the transmissivity T.
Short term solution
Hantush (), faced with a complicated transformed solution for leaky aquifer drawdown, argues that the initial behavior can be deduced by inverting the transformed solution for large p. The logic is applied to Equation (11a) with the limiting result:
The series sum β reflects the partial penetration of the sandpack, in view of Equation (8c). 
The N order Bessel functions of the first and second kind are J N and Y N . We substitute Equation (14d) into Equation (13a), take the complex conjugate, invoke Equation (14a), and so derive the short term solution for the present case:
Equation ( A simple pole as the long term solution Equation (11a) describes the complete solution, and the Bromwich contour integration is more complicated:
Eigenfunctions in the Bessel function arguments put a simple pole a 0 and branch points along the negative real axis of the Bromwich contour, as shown in Figure 4 (b).
The modified Bessel functions in Equation (16b) have real arguments to the right of their branch points and imaginary arguments to the left, and the first branch point is the lower limit of integration.
The residue h Res of the pole adds an exponential decay term to the solution: Equation (2b) simplifies the result: 
The simple pole a 0 lies between the origin and the first branch point and is defined by a zero in the denominator
of Equation (16b). This establishes an implicit equation for the pole:
The polar residue is the long term solution h Long for the slug test, since the exponential term in the integrand of Equation (16a) eliminates the branch point integral from the solution as time increases:
Spline function between the short and long term solutions
The exact inversion needed to derive the disturbed head h S in the monitoring well requires complex contour integration of Equation (16a), which is difficult. A heuristic patching of long and short term solutions is adopted instead:
The matching length L Match is less than b, which characterizes the long term solution, and Equation (21) uses vertical diffusion across this length to interpolate between the asymptotic behavior. and latter value of -13.0 m are cited in Table 2 . Equations (18) and (19) yield an implicit equation for the hydraulic diffusivity in terms of the calibrated polar values: 
The constraint of Equation (22b) Table 3 . Equation (19a) yields the transmissivity (1.1 × 10 -7 m 2 /s) with D and a 0 known:
The storativity (0.00012) follows from Equation (19b), then the permeability (4.8 × 10 -16 m 2 ) and compressibility Equations (1) and (21). A value of 6.4 m yields an rms error of 2.7 cm, and the calibration plots as the line in Figure 6 (b). The AB calibration is also plotted in Figure 5 .
RESULTS

Calibrated parameter values
This graphical calibration of the long term solution is carried out for all 20 slug tests with the individual results summarized in Table 3 and the site averages in Table 1 beneath it. The transmissivities of Table 3 range from 2.3 × 10 -8 to 2.1 × 10 -6 m 2 /s, with a (geometric) average (1.9 × 10 -7 m 2 /s) that is two orders of magnitude less than the fractured bedrock zone transmissivity cited in Table 1 .
The unweathered till is far less permeable than the underlying Dedham Granite, and the recharge boundary assumptions of the closed form analysis are justified at the site. 
The effective radius r e depends on the well geometry and distance of the sandpack from the water table, and the impermeable lower boundary of the aquifer. The spline function of Figure 5 shifts the short term (type curve) behavior to an exponential late term prediction, rather than a higher compressibility type curve.
DISCUSSION
As a practical matter, the use of quasi-steady, radial slug test models to estimate permeability is confirmed by the cylindrical, closed form approach of the present analysis. Figure 8 establishes that Bouwer & Rice () calibrations are well within an order of magnitude of the Table 3 
